Abstract. The hyper-star graph HS(n, k) is defined as follows :
Introduction and Preliminaries
An interconnection network can be represented as an undirected graph where a processor is represented as a vertex and a communication channel between processors as an edge between corresponding vertices. Measures of the desirable properties for interconnection networks include degree, connectivity, scalability, diameter, fault tolerance, and symmetry [1] . For example in [4, 6] have been found the symmetries of two important classes of graphs. The main aim of this paper is to study the symmetries of a class of graphs that are useful in some aspects for designing some interconnection networks. First major class of interconnection networks is the classical ncubes. Star graphs were introduced by [1] as a competitive model to the n-cubes. Both the n-cubes and Star graphs have been studied and many of the properties are known and star graphs have proven to be superior to the n-cubes. The hyper-star graphs were introduced in [8] as competitive model to both n-cubes and star graphs. Some of the structural and topological properties of hyper-star graphs have been studied in [3, 7] . For all the terminology and notation not defined here, we follow [2, 5, 10] . Let n > 2, the hyper-star graph HS(n, k) where, 1 ≤ k ≤ n − 1, is defined in [8] as follows : its vertex-set is the set of {0, 1}-sequences of length n with weight k, where the weight of the sequence v is the number of 1 , s in v, and two vertices are adjacent if and only if one can be obtained from the other by exchanging the first symbol with a different symbol ( 1 with 0 or 0 with 1 ) in another position. Formally, if we denote by V (HS(n, k)) and E(HS(n, k)) the vertex-set and edge-set of HS(n, k) respectively, then 
So HS(n, k) is regular if and only if n = 2k.
Let X = {1, 2, ..., n} and X k be the family of subsets of X with k elements. Let S(n, k) be the graph with vertex-set X k and two vertices v = {x 1 , · · · , x k } and w = {y 1 , · · · , y k } are adjacent if and only if | v ∩w |= k − 1 and, 1 belongs to one, and only one, of the vertices v and w, in other words w is obtained from v by replacing an element y ∈ X − v with 1, if 1 ∈ v, and replacing x ∈ v by 1 if, 1 / ∈ v. Let A be a subset of X, then the characteristic function of A is the function χ A : X −→ {0, 1} such that χ A (x) = 1, if and only if x ∈ A. Thus A −→ χ A is a bijection between the family of subsets of X and the set of sequences of {0, 1} of length
there is a bijection α : V 1 −→ V 2 such that, {a, b} ∈ E 1 if and only if {α(a), α(b)} ∈ E 2 for all a, b ∈ V 1 . in such a case the bijection α is called an isomorphism. Now it is an easy task to show that the graphs HS(n, k) and S(n, k) are isomorphic, in fact the correspondence A −→ χ A is an isomorphism between S(n, k) and HS(n, k), and for this reason, from now on, we work with S(n, k) and we denote it by HS(n, k). The following figure shows the graph HS (6, 3) , where the set {x, y, z} is denoted by xyz. For v ∈ V (Γ) and G = Aut(Γ), the stabilizer subgroup G v is the subgroup of G containing all automorphisms which fix v. In the vertex transitive case all stabilizer subgroups G v are conjugate in G, and consequently isomorphic, in this case, the index of G v in G is given by the equation,
If each stabilizer G v is the identity group, then every element of G, except the identity, does not fix any vertex, and we say that G acts semiregularly on V . We say that G acts regularly on V if and only if G acts transitively and semiregularly on V and in this case we have
Let G be any abstract finite group with identity 1, and suppose that Ω is a set of generators of G, with the properties :
The Cayley graph Γ = Γ(G, Ω) is the ( simple ) graph whose vertex-set and edge-set defined as follows :
It can be shown that a connected graph Γ is a cayley graph if and only if Aut(Γ) contains a subgroup
The group G is called a semidirect product of N by Q, denoted by
Main results
In the remaining of this section we assume that k is a fixed natural number, but arbitrarily chosen and k > 2 and X = {1, 2, ..., 2k}.
Lemma 2.1. The graph HS(2k, k) is a vertex transitive graph.
Proof. In [8] it is proved that HS(2k, k) is a vertex transitive graph and in [3] it is proved that this graph is edge transitive, but for the sake of consistency and, since our proof is independent of those and we need our proof in the sequel, we bring a proof. Let V = V (HS(2k, k)). The graph HS(2k, k) is a regular bipartite graph of valency (regularity k ), in fact
is a partition of V and every edge of HS(2k, k) has a vertex in P 1 and a vertex in P 2 and | P 1 |=| P 2 |. Let α be a permutation of Sym(X) such that α fixes the element 1. α induces a permutationα on V by the
|α(v) ∩α(w) | and 1 is in one, and only one of the vertices of an edge, thusα is an automorphism of the graph HS(2k, k). Note that if v ∈ P 1 , thenα(v) ∈ P 1 , thusα(P 1 ) = P 1 andα(P 2 ) = P 2 . For any vertex v in V , let v c be the complement of the set v in X. We define the mapping
In fact θ is an automorphism of HS(2k, k). Note that for any α in Sym(X) that fixes 1 ,α = θ. Now, let v, w ∈ V . Suppose v, w ∈ P 1 and |v ∩ w| = t. Let
and π(u) = u, u ∈ X − (v ∪ w). Thus,π is an automorphism of HS(2k, k)
Now, let v ∈ P 1 and w ∈ P 2 , thus θ(w) ∈ P 1 and there Proof. Let Γ = HS(2k, k) and G = Aut (HS(2k, k) ). Since Γ is a vertex transitive graph, it is enough to show that G v acts transitively on
Therefore there is an automorphism π ∈ G v c such that
Suppose Γ is a graph and G = Aut(Γ). For a vertex v of Γ, let L v be the set of all elements g of G v such that g fixes each element of N (v). Let 
be defined by Ψ(h) = h |Z , for any element h in L v . Then the kernel of the homomorphism Ψ is L vw and since
If w be an element in N (v) of minimum degree m, then the result follows.
From the previous Lemma it follows that, if Γ is a regular graph of degree m, then for every edge {v, w} of Γ we have
Theorem 2.4. The automorphism group of HS(2k, k) is a semidirect product of N by Q, where N is isomorphic to Sym(2k − 1) and Q is isomorphic to Z 2 , the cyclic group of order 2.
Proof. If H be the subgroup of Sym(X) that contains permutations which fix the element 1, then H is isomorphic with Sym(2k − 1). Then f : H −→ Aut(HS(2k, k)) = G, defined by f (α) =α, (α is defined in Lemma 2.1) is an injection. In fact, if α = 1 be in Sym(X) and α(1) = 1, then there is an
x ∈ X such that α(x) = x. Now, let T be a k-subset of X such that x ∈ T and α(x) / ∈ T . Thenα(T ) = T and henceα = 1. It follows that the kernel of the homomorphism f is the identity group. Therefore, the subgroup then N is a normal subgroup of G and the theorem will be proved. In the first step of the remaining proof, we assert that every 3-path in the graph Γ = HS(2k, k) determines a unique 6-cycle in this graph. Let P :
be a 3-path in Γ. The path P has a form such as, is the 6-cycle g(x)yvwtg(u), so C and g(C) contain the 3-path yvwt, thus
is an automorphism of 6-cycle C that fixes the 2-path wvy, thus g fixes all vertices of this cycle and we have g(x) = x. Now, since the graph Γ is connected , it follows that g fixes all the vertices of Γ, so g = 1 and L v,w = 1.
The graph Γ is vertex transitive, thus for a vertex v ∈ V = V (Γ) we have;
Remark: As we can see in the proof of Theorem 2.4, the graph HS(2k, k) has 6-cycles and since this graph is bipartite , hence it has no 3-cycles and no 5-cycles. It is easy to show that this graph has no 4-cycles, so the girth of this graph is 6.
Folded hyper-star graphs
The folded hyper star-graph F HS(2k, k) is the graph which its vertexset is identical to the vertex-set of hyper-star graph HS(2k, k), and with
where E 1 and V 1 are the edge-set and vertex-set of HS(2k, k) respectively. It is clear that this graph is a regular bipartite graph of degree k + 1. It is an easy task to show that the diameter of F HS(2k, k) is k, whereas the diameter of HS(2k, k) is 2k − 1 [8] . We will show that this graph is also vertex transitive, thus its edge connectivity is maximum, say k+1 [5, 11] . Let v be a vertex of F HS(2k, k). 
is an edge of the graph Γ 2 . It Since the graph Γ 2 is a connected graph, thus we can conclude that
Let v be a vertex of Γ 2 , since this graph is a regular graph of degree
, then g fixes w, so g induces a permutation on N (w).
Since, the 4-cycles C : wvv c w c and g(C) = wvv c g(w c ), are identical, then g(w c ) = w c . Therefore g fixes two elements v and w c of N (w), hence is a group of order 72 [2] , thus Theorem 3.1 is not true for k = 2.
The group G acting on a set Ω induces a natural action on the set Ω {m} , the set of m-element subsets of Ω, by the rule A g = {a 1 , ..., a m } g = {g(a 1 ), ..., g(a m )}, where A ⊆ Ω and g ∈ G. The group G is called mhomogenous, if its action on Ω {m} is transitive. We need the following fact.
FACT [9] . Let G be a group acting on a set Ω, and |Ω| = n ≥ 2m, m ≥ 2. If G is m-homogenous, then it is also (m − 1)-homogenous.
